The standard products-cartesian, lexicographic, tensor, and strong-all belong to a class of products introduced by W. Imrich and H. Izbicki (1975, Monatsh. Math. 80, 277-281) and later called B-products by I. Broere and J. H. Hattingh (1990, Quaest. Math. 13, 191-216) who establish that the lexicographic product of two circulant graphs is again circulant. In this paper, we establish that any B-product of two circulant graphs is always a so-called metacirculant graph with parameters that are easily described in terms of the product graphs. We also establish that any metacirculant graph with the appropriate structure is isomorphic to the B-product of a pair of circulant graphs.
INTRODUCTION
Products of graphs have been studied for almost 40 years now. The standard products-cartesian, lexicographic, tensor, and strong-all belong to a class of products introduced by Imrich and Izbicki [9] and called B-products by Broere and Hattingh [3] . Imrich uses B-products to characterize all the products of graphs which have the cross product of the factor graphs' vertex sets for vertices and which are associative. Nešetřil has asked on different occasions whether there are nontrivial results that hold for all 256 B-products, and the only published example of such a property concerns the dimension of a graph [12] .
Broere and Hattingh [3] study B-products of circulant graphs and establish that the lexicographic product of two circulant graphs is again circulant. They and George and Sanders [5] clearly establish that this is not the case with other products. So the question naturally arises: When a product of two circulants is not circulant, what kind of a graph is it?
In this paper, we establish that any B-product of two circulant graphs is always a so-called metacirculant graph with parameters that are easily described in terms of the product graphs. This gives a second nontrivial result that holds for all graph products. We also establish a converse theorem by showing any metacirculant graph with the appropriate structure is isomorphic to the B-product of a pair of circulant graphs.
NOTATION
The word graph means a finite, undirected, simple graph. We use VG to denote the set of vertices of a graph G. The notation u ' v means the vertices u and v are connected by an edge. The complement of G is denoted by Ḡ ; two distinct vertices u and v are adjacent in Ḡ if and only if they are not adjacent in G. The full automorphism group of a graph G is denoted by Aut(G), and v a denotes the image of vertex v under the graph automorphism a. For terms not defined in the paper, the reader is referred to [2] .
Circulant graphs are well known and have been extensively studied. Let S be a subset of Z n such that 0¨S and −S=S. The circulant graph C n S has vertex set Z n ={0, 1, ..., n − 1} and i ' j if and only if i − j ¥ S. It is well known that a graph G is a circulant graph on n vertices if and only if Aut(G) contains an n-cycle.
PRODUCTS OF GRAPHS
There are four standard products that can be formed from a pair of graphs G and H with vertex set VG × VH. In the cartesian product GiH, ( All are special cases of the B-product of two graphs. We use the more compact description of the definition of B-product found in [2] rather than the original definition from [9] . For a given graph G define three sets of ordered pairs of vertices:
Since G is a simple graph these three sets are disjoint. Let A={ (1, 1) , (1, 2) , (1, 3) , (2, 1) , (2, 3) , (3, 1) , (3, 2) , (3, 3) } and B ı A. We define the B-product of two graphs G and H, denoted by G é B H, as the graph with the vertex set VG × VH and the adjacency relation
Each of the standard products is indeed a B-product:
B={ (1, 2) , (2, 1)} yields GiH. B={ (1, 1) , (1, 2) , (1, 3) , (2, 1) 
We need two basic results from [3] . The first concerns the minimum automorphism group of a product. If G has m vertices and H has n vertices, any B-product of G and H has mn vertices. So an obvious consequence of Theorem 3.1 applied to circulant graphs is the following corollary, also due to [3] . 
METACIRCULANT GRAPHS
Metacirculant graphs were introduced by Alspach and Parsons in [1] as a generalization of circulant graphs-indeed, every circulant graph is trivially a metacirculant graph. The definition of a metacirculant graph is essentially constructive. Let m and n be two fixed integers, a be a unit in the ring Z n , and S 0 , S 1 , ..., S Nm/2M be subsets of Z n with the following four properties:
It is useful to think of the sets V 0 , V 1 , ..., V m − 1 as the layers of a metacirculant graph. The set S k is used to determine the edges between vertices in layers that differ by k, but if a ] 1, there is a twist induced by a i for the edges with one endpoint in the ith layer. It is easy to see the vertex induced subgraph on V i (the ith layer) is the circulant graph C n a i S 0 . Moreover, since a is a unit in Z n , the vertex induced graph on each layer is isomorphic to C n S 0 , the graph induced on the initial layer.
Any metacirculant graph with m layers and n vertices per layer is referred to as an (m, n)-metacirculant graph. If a=1, there is no induced twist, and so the graph is called a twist-free metacirculant graph.
Alspach and Parsons also characterize metacirculant graphs in terms of their automorphism groups [1] :
.1 (Alspach and Parsons). Let G be a graph with VG=
Z m × Z n , and let V i ={(i, j) | 0 [ j [ n − 1} for each i=0, ..., m − 1. Then G is a (m,
n)-metacirculant graph if and only if the vertices of G can be labeled in such a way that Aut(G) contains two permutations r and y where r is a rotation on each V i given by (i, j) r =(i, j+1), and y is a twisted rotation that maps
The orbits of vertices under OrP are simply the layers of G. The permutation y sends the vertices in layer i to layer i+1, and the element a determines how layer i is twisted when sent to layer i+1.
PRODUCTS GRAPHS OF CIRCULANT GRAPHS ARE METACIRCULANT
In this section we use the fact that Aut(G) × Aut(H) is a subgroup of Aut(G é B H) to show any B-product of a pair of circulant graphs is a metacirculant graph. 
Now r acts on the vertices of G é B H as follows
and y acts on the vertices of G é B H as follows
Since r rotates the vertices in each V i and y takes the vertices in V i to V i+1 , these graph automorphisms suffice to show that G é B H is an (m, n)-metacirculant graph. Because y involves no twist we also know a=1.
Alternatively we define the layers of G é B H as W i ={(g, i) | g ¥ Z m }, and we now have n layers containing m vertices each. The roles of r and y are reversed: y now rotates the vertices in each layer W i , and r maps the vertices in W i to W i+1 without twisting them. Hence G é B H is a twist-free (n, m)-metacirculant graph as well. L A complete description of G é B H as an (m, n)-metacirculant requires finding the sets S 0 , ..., S Nm/2M that describe the adjacencies in the graph. It is not surprising these sets depend only on S G , S H , and the subset B used to define the product. To make the description easier to follow, however, we need to introduce some notation. The complement of a circulant graph H=C n S H is also circulant; indeed, we may write H =C n S H where S H = Z n 0 (S H 2 {0}). B-product, the set B 5 {(2, 1), (2, 3)} determines when (i, j) and (i, k) (2, 2), (2, 3)}={(2, 1), (2, 3) }. {(1, 1), (1, 2), (1, 3) }, and hence there is a set S such that S k =S whenever k ¥ S G . Moreover, it is easy to show (1, 1), (1, 2), (1, 3)}={(1, 1) , (1, 2) }; S=Z n 0 {0} when B 5 { (1, 1), (1, 2), (1, 3)}={(1, 1), (1, 3) }; S=Z n 0 S H when B 5 { (1, 1) , (1, 2) , (1, 3) }={ (1, 2) , (1, 3) }; S=Z n when B 5 { (1, 1), (1, 2), (1, 3)}={(1, 1), (1, 2), (1, 3) }.
Theorem 5.2. Let G=C m S G and H=C n S H be circulant graphs on m and n vertices, respectively. Then there exist sets S and T (not necessarily distinct) such that
S, T ¥ {", {0}, S H , S H 2 {0}, S H , S H 2 {0}, Z n 0 {0}, Z n } and G é B H is the metacirculant graph (m, n, 1, S 0 , ..., S Nm/2M ) where S 0 ¥ {", S H , S H , Z n 0 {0}} and for 1 [ k [ Nm/2M, S k =˛S if k ¥ S G T if k¨S G .
Proof. The layers of G é B H are the sets V i ={(i, h) | h ¥ Z n }. The set S 0 describes when (i, j) and (i, k) are adjacent. But by the definition of
A similar argument shows there exists a set T such that S k =T when k¨S G . Since the edges between V i and V i+k and the set T=S k are both determined by B 5 {(3, 1), (3, 2) , (3, 3) }, the same kind of case by case analysis as before shows
If G and H are circulant graphs on m and n vertices, respectively, Theorem 5.1 also tells us G é B H is an (n, m)-metacirculant graph. To obtain a complete description of the sets used to connect layers of the product graph as an (n, m)-metacirculant we reverse the roles of S G and S H in Theorem 5.2.
It is easy to apply Theorem 5.2 to each of the standard graph theoretic products to obtain an explicit metacirculant description of the product of two circulant graphs. GiH=G(m, n, 1, S H , S 1 , . .., S Nm/2M ) where
Proof. Use the appropriate subset B for each product in the proof of Theorem 5.2. L
METACIRCULANT GRAPHS THAT ARE PRODUCTS OF CIRCULANT GRAPHS
In Section 5, we found necessary conditions for an (m, n)-metacirculant graph to be the B-product of a pair of circulant graphs. If the metacirculant graph C=(m, n, 1, S 0 , ..., S Nm/2M ) is isomorphic to a B-product of the circulant graphs G and H, then the sets S 0 , S 1 , ..., S Nm/2M are related to S G and S H in rather specific ways. In particular, there are at most two distinct sets in the list S 1 , ..., S Nm/2M , and these two sets as well as S 0 must be chosen from a rather small list of subsets of Z n .
We can also prove what amounts to a converse of Theorem 5.2. In other words we can find appropriate conditions on the sets S 0 , ..., S Nm/2M that guarantee that C=G(m, n, 1, S 0 , S 1 , ..., S Nm/2M ) is a B-product of two circulant graphs. But the description of the conditions depends on the set S 0 . The following theorem gives a sufficient condition for a twist-free (m, n)-metacirculant graph to be the B-product of two circulant graphs when S 0 is a nonempty proper subset of Z n 0 {0}. 
Then C=G é B H for appropriately chosen circulant graphs G and H and an appropriately chosen subset B ı A.
Proof. The definition of a metacirculant graph implies that S 0 is a subset of Z n with the properties that 0¨S 0 and −S 0 =S 0 . Thus the circulant graph H=C n S 0 is defined. Now define SOE={k ¥ Z m | k ] 0 and S k =S}, and let G=C m S G where
We define B ı A as BOE 2 {(2, 1)} 2 B −−− where BOE ı { (1, 1) , (1, 2) , (1, 3) } and B −−− ı { (3, 1) , (3, 2) , (3, 3) } are chosen based on the sets S and T in an appropriate fashion:
The set T determines B −−− in the same fashion that S determines BOE. Routine computations show the product graph G é B H and C are the same graph. L The situation when S 0 is either empty or equal to Z n 0 {0} is more complicated. The metacirculant graph is a product if the other S k 's have the properties listed in the following theorem. 
Then C=G é B H for appropriately chosen circulant graphs G and H and an appropriately chosen subset B ı A.
Proof. First, since −S=S, the set S H =S 0 {0} can be used to define a circulant graph on n vertices. Let H=C n S H .
Next define SOE={k ¥ Z m | k ] 0 and S k =S}, and let G=C m S G where S G =SOE 2 (−SOE) ı Z n 0 {0}.
Let BOE={ (1, 1) , (1, 2) } if 0 ¥ S, and BOE={(1, 1)} if 0¨S. Also let Boe=" if S 0 =", and Boe={ (2, 1) , (2, 3) } if S 0 =Z n 0 {0}. Then define B=BOE 2 Boe 2 B −−− where B −−− ı { (3, 1) , (3, 2) , (3, 3) } is chosen based on the set T in an appropriate fashion: If (0¨S and T=Z n 0 S) or (0 ¥ S and T=Z n 0 (S 0 {0})), then B −−− = { (3, 2) , (3, 3) }.
If (0 ¥ S and T=Z n 0 S) or (0¨S and T=Z n 0 (S 2 {0})), then B −−− = { (3, 3) }.
If T=Z n 0 {0}, then B −−− ={ (3, 1) , (3, 3) }.
If T=Z n , then B −−− ={ (3, 1) , (3, 2) , (3, 3) }.
Routine computations now show the product graph G é B H and C are the same graph. L It is worth noting the result in Theorem 6.2 simplifies in two basic cases. First, if all the S k 's (except for S 0 ) are the same subset of Z n , then the graph G is simply K m . Second if the set S is one of ", {0}, Z n , or Z n 0 {0}, then T must also be one of these four sets and the graph H is K n .
